A dual relationship between the boundary condition of the fourth derivative operator d4u U~dî s established and examined in this paper. Some dual properties determined by the dual boundary conditions are also considered.
In particular, A is said to have SDE (strictly distributed energy [1] ) boundary conditions if [u"(x)u{x) -u"(x)u'(x))|q = 0, Vu 6 D{A).
(1-3)
When (1.3) holds, the system energy becomes 2 Now we introduce one of the significant contributions made by D. L. Russell [1] . Consider the real Hilbert space L2(0,l) and a nonnegative selfadjoint operator A, as described above, with D(A) c £2(0,1). If A is nonnegative it is well known that the spectrum of A consists of eigenvalues: we have that (v3"!*))^ = Afor any n > k+1. Therefore, D. L. Russell [1] pointed out that ipn is the eigenfunction of some symmetric operator A corresponding to the eigenvalue An and called A the operator with the dual boundary conditions. Unfortunately, in general, {ipn\n > k + 1} is not an orthogonal set in L2(0,/) under the assumptions (1.5) only. A counterexample is given in [2, Proposition 3.2] . This paper is a correction and development of the above idea. In Sec. 2, the boundary characterizations are given, which assure that A should be selfadjoint, or nonnegative selfadjoint, or should have SDE boundary conditions. In Sec. 3, the dual boundary condition operator A is defined, by which one can easily obtain the boundary conditions for A from those for A. Furthermore, some dual properties between A and A are studied, such as nonnegativity, SDE boundary conditions, eigenvalues, eigenfunctions, nonnegative square roots, etc. 
Then d : N -> C8 is a linear isomorphism.
Proof. Let p G TV be such that dp = 0. Letting x = I yields^\ l) = aA-j, j = 0,1,2,3.
Thus dp = a. Then the mapping d : N -> C8 is surjective. The proof is complete. □ Let A be defined by (1.1) and Ao by (2.1). Since A C Aq, we have that Aq = (A*t) c A*. If A is selfadjoint, i.e., A = A*, then A is a selfadjoint extension of the closed symmetric operator Aq. By the second formula of von Neumann [3] , there is an isometric, surjective, linear operator V : N+ -> 7V_ such that £>(,4) = {u \ u = u0 + p -V<p, uq € Hq(0, l),ip G iV+}, (2.6)
However, the calculation of V : N+ -> N_ is in general difficult. As concerns the fourth derivative operator A, we now give a counterpart of the von Neumann theorem. Let 4>j G H4(0,l), for j = 1,2,3,4. Denotê
, 0 < x < I. A is said to be the dual boundary condition operator of A. It is easily checked that u £ H4{0,1) such that 
01,4
From Theorem 2.1, the combination of (3.3) and (3.6) yields that A is selfadjoint.
( A similar argument shows that there is an isometric, surjective, linear operator Q : Ro ->► Ro such that Qyn = 4>n, n > k + 1; (3.10)
Al'2u = -Q(u"), Vu £ D{A).
Fi-om (3.9) and (3.10), it follows that
The proof is complete. □ Remark.
It should be noted that Theorem 3.3 fails, in general, when A does not have SDE boundary conditions and this is the essence of the counterexample given in [2] to the result given in [1] ; thus the result in [1] remains valid in the case of SDE boundary conditions.
